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' Different ways of defining group

- % n left axioms.

by d upo
of a group base
I. Definition t a binary operation»

t and le
Let G be a non-empty sé - e b
be defined on it. Then (G, *) 1s & group if nary

operation * satisfies the following postulates.'
1. Closure property i.e. ab € G for all q,‘b € G
2. Associativity i.e. (ab) ¢ = q{bc)fof all a,. b, c € G
3. Existence of left identity. There exists an element
- e € G such that ea = a for alla € G
The zlement e is called the teft identity.

4. Existence of left inverse. There exists an _e‘lemgnt
a! e G such that ala = e, ie. each element of G
possesses left identity. .

Proof : In order.to show the equivalclfice of ghisdeﬁnit'iOn

with the original definition of a group, we need to show that

(i) the left identity is also the right identity and "

(ii) the left inveArse ?f an inir_erse,_ is ~al’so -the ri'ght_,.ihvers‘e.

For this, we shall first prove the existence of left cancellation

law and then we shall prove other two r_es;ilts,.-z,;,”

}Lef_'t Cancellation Law :,If a, b,éc,aré in G, t'h'en{ 2

ab = ac-=>_,b=,c"



proof : Since a € G, there exists a! € Gsuch that ala=-¢e
(existence of left inverse) :
We have, ab = ac= a! (ab) = al(ad
= (ala)b = (ala)c by associativity
= eb =ec, -- alisleftinverse of a
= b=c e 18 left identity &
Now we shall prove the above two results.

Theorem 1. The left identity is also the right identity
i.e. if e is the left identity, then also ae=a forallae G.

Proof : Let a € G and e be the left identity i.e. ea = a.

Since a possesses left inverse, therefore there existsal e G
such that ala =e.

We have, allae) = (ala)e; by associativity
= ee; _ - ala=e
= €3 - e is left identuty
= ala; -~ ala=e

= ae = a; by left cancellation law.
e is also the right identity.
Hence, ea =a=ae forallae G.
Theorem 2 : The left inverse of an element is also its
right inverse i.e. if a’? is the left inverse of a, then also
aa?l=e.
Proof : Let a € G and e be the identity element.
1

Let a! be the left inverse of ai.e. a'a = e.
We need to prove that aa™! = e.
We have, a!(aa’!) = (a'ag)a’!; by associativity
= eal; - ala-=c¢e
= al; -» e is left idenuy
= ale; -- e isalso right identity.

= aa’! = e; by left cancellation law.



; i - a.
a’l is also the right inverse of 1
Z e,
a = aal,
Hence al is the inverse of a1.e. &

Thus we prove that the non-empty set {G, ¥ Saﬁsfymg

the given postulates, alsq satisfies the po stulates of a groyp,

defined earlier.
Hence Gis a group.

II. Let G is a ridh-empty set with a binary operation *
defined on it. Let a, b, ¢ € G be arbitrary, then G, ¥
is a group if the following postulates are satisfied.
(i) ab € G (closure law)

(i) afbc) = (abje (Associative law)
(iii) The equaﬁbr&s ax =b and ya = b have solutions
in G. :

Proof : In order to prove that a set equipped with g binary
op€ration satisfying conditidns (i), (ii) and (111) is a group, we
should show that the left identity exists and each element of



guppose now that b is any arbitrary element of G t Since
a epG, therefore from (iii) there exists x € G such tha

ax =b
Now eb = elax); '+ b= ax
= (ea)x,; by associativity
= (ax); - ea= afrom (1)
= b.

Thus there exists € € G such that eb = b for all b € G. Hence
e is the left identity. | ‘
Suppose now that ais any arbitrary elemcp_t of G. Since e€
G, therefore tﬁking b = ein the given condition viz. ya = b,
we see that the é,q_uation ya = e has a solution in G. Let ¢ €
G such that ca = e. Then ¢ is the left inverse of a. Therefore
each-element of G possesses left inverse. -

Since left identity exists and.each element possesses left
inverse, therefore from (I), the left identity will also be the
right identity and the left inverse of any element will also be
its right inverse. - '
Thu's, we e that if the given postulates are satisfied,

then all the postulates '-G\v G,, G;, G, of a group are satisfied.
Hence G is a group. ' »

III. Everyfini\te semi group in which both cani:euationj
laws hold is a group. A :

i.e.A nqn-empty set G equipped with a binaty
operation is a group if | e
) abe G (closure law)
(ii) a(bc) = (c;tb) c (Associative law)
(fii)ax=bx—= q = b, xa = x
‘Prodf :Let Gbe 3 semi—group
< Sinqc Gis a semj

b= a=b (cgncellation_ law)
and a, b, ce Gy | ; |
-group, axioms G, and G, are satisfied viz.

Gl tabe G .(G is ,c10'sed) ¥



G, :(ab)c = a(bc) (G is associative) e '
In order to prove that G is a griJuP u;(isrbahi given
conditions, namely (i) ab = ac = b =cédn ca —
b = c, we need to show that
G; : G has an identity element and also
G, : G has an inverse element.
Suppose the set G has n distinct elements
a,, a, a4, ... 4,

Let a be any one of these elements.
Then the n products |

aa,, aaq,, a’gB e a'an i |
are all elements of G. This follows ftom the fact f{hat
a.be G abe G(G isclosed)
Also, all these n elements are distinct; for |

aa, = aajwhei'e a, a, e G > a; = a; (left @cehtion
law)

Therefore if g+ a; then aa; # aa.

Thus the elements @4,, aa,, aa, ... aa, are simply the
rearrangement of the n elements of G. Hént;e if b is any

Thus if g, b are any two elements of G,
element, say a, € G such that aa, = b,
In other ‘words, the €quation ax =
€VeTy pair of elements q, p < G
Similarly by forming the product

there exists an

7 Cancellation law, we can ;sﬁdw ‘ éat |
theequationxa=bha ‘ s



